A new finite element with an additional degree of freedom at the crack location is derived for static bending analysis of a transversely cracked uniform slender beam. In the simplified computational model, which is based on Euler-Bernoulli's theory of small displacements, the crack is represented by a linear rotational spring connecting two elastic parts. The derivation of the transverse displacements, the coefficients of the stiffness matrix as well as the load vector for uniformly distributed load along the whole beam element was based on the utilization of polynomial interpolation functions of the fourth degree and all derived expressions were obtained in the closed form. The novelty of the new model, by comparison to the previously presented simplified finite element models, is that the transverse displacements functions obtained by utilization of the newly presented interpolation functions for the case of uniform continuous transverse load along whole beam element, as well as the functions of the bending moments and transverse forces, are accurate. The values obtained by the simplified model also exhibited good agreement in additional comparison with the results from more demanding and more detailed 2D models.
INTRODUCTION
Any degenerative effect that might occur in structures during their utilization can severely decrease structures' stiffness and potentially lead to their failure. Bearing this in mind, several studies aimed at the detection and identification of damages in engineering structures were conducted. Since the occurrence of damage can alter the structures' response parameters, the structural health monitoring and damage detection methods techniques are commonly based on measured structure's response. However, the efficiency of these approaches depends not only on the measured data's quality but also on the consistencies and versatilities of computational models implemented for mechanical behavior's modelling. Detailed 2D or 3D meshes of finite elements that certainly offer the finest description of a general structure, as well as of the crack and its surrounding location, appear to be uncomfortable and, therefore, simplified models are usually implemented in structural health monitoring techniques.
The model that has been the subject of numerous researches in the past, is the model provided by Okamura et al. (1969) . As a crack in a structural member alters the local compliance of rotations, each crack in this model is replaced by a massless rotational linear spring. For the spring of suitable stiffness, the linear moment-rotation constitutive law is adopted. Each spring connects those neighboring non-cracked parts of the beam that are modelled as elastic elements. Several definitions for rotational spring stiffness can be found in the references while the earliest definition of rotational
IMPROVED FINITE ELEMENT MODEL FORMULATION OF A CRACKED BEAM
In the derivation of the new finite element for the computation of transverse displacements of a cracked homogeneous Euler-Bernoulli beam element, the crack is modelled as a rotational linear-spring connecting two elastic non-cracked parts. This mathematical model was given by Okamura et al. (1969) , where the crack is defined by the location (i.e. the distance L1 from the left-end) and depth d, which determines the stiffness of the rotational spring, indicated as Kr. This stiffness Kr models the remaining flexural rigidity of the cracked cross-section. From all available definitions the one given by Okamura et al. (1969) was applied in this study. It has the following form: 
and it depends on the height of the non-cracked cross-section h, the relative depth of the crack δ'=d/h, the product of Young's modulus E with a moment of inertia I of the non-cracked cross-section (i.e. flexural rigidity EI) and flexibility compliance function of crack F(δ') derived for the rectangular beam as: 
Unlike the other definitions, the genuine definition of the Okamura et al. includes also Poisson's coefficient ν.
Improved finite element of a transversely cracked straight beam with an additional degree of freedom Presented improved finite element (CB3NFE), Figure 1 , has three nodes (node 2, positioned at the location of the crack, as a supplement to both standard nodes 1 and 3, located at the beginning and end of the element,) and a total of five degrees of freedom: transverse displacement Y1 and rotation Φ1 in the initial (left) node, transverse displacement Y2 at the crack (at the distance L1 from the left node), as well as transverse displacement Y3 and rotation Φ3 at the right end of the element. Upward translations and anticlockwise rotations are taken as positive.
DERIVATIONS

Derivation of the cracked beam's interpolation functions
Since the crack separates the two elastic parts, the transverse displacements along the length of the beam can no longer be written by a single function. Thus different displacement functions for the left part (w1(x)) and the right part (w2(x)) of the crack are required. The functions w1(x) and w2(x) of transverse displacements are complete polynomials of the fourth degree with a total of ten unknown constants (A1, A2, A3, A4, A5, B1, B2, B3, B4, and B5):
To implement functions from Equations (3) and (4) as interpolation (shape) functions for the finite element, the unknown constants have to be determined. Three of them (B3, B4, and B5) can be determined from the condition that the bending moments and shear forces functions for both elastic sections are identical over the whole length of the element:
which initially yields: 
Next five unknown constants (A1, A2, A3, A4, and A5) are determined from the kinematic conditions: 
The remaining two constants (B1 and B2) are obtained from continuity conditions at the crack location (x=L1), where the influence of the crack is presented as the discontinuity of the rotations. These conditions are the equilibrium of the displacements and the difference in the rotations at the crack location, Equations (12) and (13):
where ψ is the ratio between the flexural rigidity of the non-cracked cross section EI and the stiffness of the rotational springs Kr, i.e.:
Afterwards, when all the coefficients of both sections of the transverse displacements functions are defined, each function can be rewritten as a product of the corresponding vector of interpolation functions Ni (i=1,2) with the vector of unknown nodal displacements q:
where the interpolation functions Ni1 and Ni2 (i = 1,2, ... 5) are given as (definitions of coefficients Aij and Bij are given in the Appendix A):
Derivation of the stiffness matrix coefficients of the cracked beam
The coefficients of the stiffness matrix (i, j = 1, 2, …,5) for the three nodded finite element of the cracked beam (CB3NFE), which were obtained on the basis of deformation energy, are by means of interpolation functions of the fourth degree determined as:
When introducing Equation (5) 
Derivation of equivalent nodal-force vector for continuous load p(x)
The substitutive nodal load, which replaces the genuinely continuous distributed load p(x) (upward positive) along the finite element, is derived from the condition of work-equivalency. The general substitutive load vector Fp(x) due to distributed transverse load p(x) is thus obtained as a sum of two parts: 21) or expressed by its coefficients (i=1,2, …, 5):
Finally, the coefficients of load vector (i = 1, 2 ..., 5) for a uniformly continuous load p over the whole length L of the element are thus given as:
Evaluation of the nodal forces and bending moments of the external nodes
The assembling of both, the structure's stiffness matrix and the load vector, allows us to obtain the nodal displacements and rotations for all the finite elements. To evaluate the shear forces and the bending moments at the both ends of the element, the corresponding stiffness matrix K is multiplied by the element's vector of corresponding nodal displacements and rotations q and from the product any potential vector of the substitutive nodal loads
of the element is subtracted.
Evaluation of the transverse displacements, bending moments and shear forces distribution between nodes
The transverse displacements' function for each finite element can be written by utilization of Equations (15) and (16) as the product of a vector of interpolation functions and known nodal displacements. The following generalized form is obtained:
where qi represents the i-th term (transverse displacement or rotation) of the finite element's displacement vector. The utilization of Equations (24) and (25) for the evaluation of the transverse displacements' functions for both elastic parts leads to accurate displacement functions for the two most frequent load cases in structural analysis. In the first case, the finite element is without any distributed transverse load whereas in the second case uniformly distributed transverse load is applied across the entire finite element.
Furthermore, the exact functions of the bending moments and shear forces for load cases with and without a uniform transverse load are obtained by means of the second and third derivatives of any of the Equations (24) or (25), which leads to following expressions:
NUMERICAL EXAMPLES
In order to verify the presented finite element, the implementation of derived expressions for the stiffness matrix, the load vector, and the transverse displacements functions from the polynomial interpolation functions of the fourthdegree was demonstrated on two examples. In these examples the transverse displacements along the length of the beam, bending moments and shear forces at nodal points, likewise, their functions along the whole length of the beam were examined. Beside the CB3FE model's discretizations three other approaches were implemented (conventional twonode finite element, CB2NFE; solutions of governing differential equations, GDEs; plane finite elements, 2D FE).
Firstly, the new finite element's results were compared to the values obtained by the standard two-nodded cracked beam's finite element (CB2NFE). This element has four degrees of freedom and its interpolation functions are polynomials of the third degree. Its corresponding stiffness matrix and load vector can be found in various forms in different references (for example Skrinar (2013) ).
The exact functions of the transverse displacements within the considered structures, which served for additional control of both examples, were obtained from the general solutions of the GDEs of a uniform beam with a continuously distributed transverse load p. The differential equation of bending for the cracked beam element is based on standard Bernoulli-Euler theory where different solutions are obtained for the parts to the left and to the right of the crack. These solutions are obtained from two coupled differential equations where standard boundary conditions, as well as continuity conditions as presented by Okamura, are applied. The general form of GDE's solution for each elastic segment (i=1,2) can be written as (Skrinar (2013)):
The eight unknown coefficients for both elastic segments were determined (by additional computations) either from the left side boundary conditions of the finite element ( GDE,1
or the conditions of the continuity between both elastic segments ( GDE,1 1
). The remaining boundary conditions at the right end ( GDE,2
, which were not implemented in the transverse displacement functions' calculation, can serve for verification.
For both examples, the efficiency of the presented expressions and quality of the values obtained was also confirmed by comparing the obtained results with the results of the structural analysis program SAP2000, where the structures were discretized by a model with a large number of plane 2D finite elements. The computational models in program SAP2000 consisted of 2D four-nodded rectangular elements. In each element's node, two degrees of freedom were taken into account -vertical and horizontal displacements. The cracks were modelled by the exact discrete model, i.e. by non-connecting the nodes at the crack's surfaces. Concentrated loads as well as uniform loads were introduced as nodal forces. Vertical and horizontal displacements were obtained by implementing linear static analyses.
First example -cracked cantilever beam with concentrated load at free end
This example considers a cantilever of length L = 6 m, Figure 2 , with a rectangular cross-section of height of 0.50 m and width of 0.25 m. For the material characteristics E = 30 GPa and ν = 0.3 were selected.
The example was selected in order to demonstrate the utility of three-node finite element (CB3NFE) on a structure, which can also be discretized with a conventional two-node finite element (CB2NFE) whose third-degree polynomial interpolation functions were already proven to produce accurate values. The cantilever is loaded with a down-ward oriented concentrated force F1 = 10 kN. A crack of the depth of 0.25 m was introduced at a distance of L1 =1 m from the support. The initial discretization of the structure was done with a single CB3NFE finite element. Corresponding rotational spring Kr=4.9093371•10 4 kNm for the considered relative depth of the crack was calculated from Equation (1). The coefficients of the element's stiffness matrix were determined by utilization of Equation (20) 
Since the complete structure was discretized by a single FE, the structure's stiffness matrix is identical to the finite element's stiffness matrix K1. Furthermore, by taking into account the boundary conditions in the left node, we can evaluate the discrete values of both unknown displacements and rotation in other nodes from the system of three linear equations: 
where the reduced load vector of structure Fr takes into the account the concentrated force on the right end:
Results and discussion
The results for the discrete transverse displacements (obtained from the solutions of linear equations of the CB3NFE model) are together with the additional displacements in the middle of each elastic segment (obtained by the Equations (15) and (16)) summarized and demonstrated in the second column of Table 1 . For further comparison, the third column shows the transverse displacements obtained by the two-node finite element of the cracked beam (CB2NFE) whereas the fourth column presents the displacements obtained by GDEs (Equation (28)). In addition to the simplified model's results, the transverse displacements obtained by an independent analysis of the structure in program SAP2000 are demonstrated in the fifth column. In this 2D FE model, 12,300 finite elements were implemented, and vertical and horizontal displacements were obtained in discrete points by solving 25,384 linear equations.
In the last column the results from the CB3NFE model with two elements (2FE) of equal lengths are presented. This additional discretization with CB3NFE model was prepared solely for two reasons. The first reason was to demonstrate that the derived at equations of CB3NFE element can be directly applied also to the non-cracked situations. Further, by implementing two finite elements it was thus demonstrated that a single CB3NFE element has already produced the exact values and, therefore, additional elements do not contribute to the accuracy of the computational model. This was additionally verified with several other discretizations, which are not presented since they have produced identical results.
The Table 1 demonstrates that the values of both beam models (CB3NFE and CB2NFE) in all presented points are identical and accurate compared to the values obtained from the GDEs. In comparison against the displacements obtained by 2D plane finite elements, the maximum 2.18% discrepancy was obtained at a distance of 3.5 m from the support, whereas the smallest discrepancy was obtained at the crack location and it was 0.14%. In order to obtain the distribution of structure's transverse displacements, two functions must be analyzed for two elastic areas. These functions of the transverse displacements were determined by utilization of Equations (24) and (25) The same transverse displacement functions were also obtained by utilization of the third-degree polynomial interpolation functions of the CB2NFE model. The transverse displacements can also be obtained by utilization of solution of GDEs (Equation (28)) for both elastic segments without transverse load p.
All three simplified model's transverse displacements functions (from CB3NFE and CB2NFE models as well as by governing differential equations solutions (GDEs)) are identical and accurate. This is generally valid for all examples without any continuous transverse load p.
In the next step additional analyses were conducted for various crack's locations and depths. Figure 3 a) thus demonstrates the transverse displacements of cantilever for various values of crack depth on location 1 m from left end. The results from four considered approaches (interpolated displacements of the CB3NFE model by utilization of the fourth degree polynomial functions, the CB2NFE model by utilization of polynomial functions of the third-degree, the solutions of GDE, likewise 12,300 2D plane finite elements model) are shown. Since all three solutions obtained by the simplified model are identical all three solutions for each relative crack depth are represented by a single line. The transverse displacements of non-cracked (δ'=0) beam are also shown, exclusively to emphasize the effect of the introduced cracks. The largest transverse displacement's discrepancy (between simplified models and discrete values of the 12,300 2D FE model) was obtained for the situation with the relative crack depth ratio δ'=0.5, where the discrepancy at the free end of the cantilever was 1.9%. Further, by reducing the relative crack depth ratio δ', also the discrepancy of transverse displacements decreased simultaneously.
The influence of crack location on maximum transverse displacements was also analyzed for several crack locations (from 0.25 m to 5.75 m in 0.25 m step) for five values of relative crack depths (from δ'=0.1 to 0.5). The results are demonstrated in Figure 3 b. The maximum discrete transverse displacement Y3=wmax was obtained for the relative crack depth of δ'=0.5 on location L1=0.25 m, which was wmax = -15.9506 mm. Thus, the maximum obtained transverse displacement of the cracked cantilever in comparison with the non-cracked case increased for 73.08%. Furthermore, the discrete bending moments and shear forces values in both end-nodes of the finite element were formally determined by utilization of the matrix algebra. However, due to the simplicity of the example, these values can be also straightforwardly evaluated by equilibrium equation.
The functions of the bending moments and shear forces were obtained from Equations (26) and (27). Since the transverse displacements functions for both beam models (CB3NFE and CB2NFE), as well as the solution of the differential equations are identical, it is clear that the functions of the bending moments and shear forces are also identical.
The discrete values obtained by summing nodal forces' moments from all plane elements, evaluated at the selected points along the cross section, give us excellent comparative values, since they were calculated completely independently of the obtained displacements. The values of the bending moments of the 2D plane model fully match the moments of the simplified model.
To complete the topic, the distribution of shear forces was also considered. Similar to the bending moments, the discrete values of the shear forces for 2D plane model were obtained by summing all the nodal vertical forces of the individual plane elements along the cross-section. These discrete values of shear forces also fully match the values of the simplified model.
Second example -cracked propped cantilever with uniform load
In the second example, a cracked propped cantilever was analyzed, Figure 4 , loaded with a uniformly downward continuous load of p=10 kN/m' over the whole length of L=10 m.
This example was selected in order to demonstrate the utilization of the three-node finite element (CB3NFE) on a structure where the standard interpolation functions of the transverse displacements of the CB2NFE model (third degree polynomials) fail to produce exact solutions outside the element's nodes anymore.
The Young's modulus of the material was E=30 GPa with the Poisson coefficient ν=0.3. The cross-section was a rectangle with height h=0.4 m and width b=0.25 m. The crack with the relative depth of δ'=0.5 was located at a distance of L1=6 m. The discretization of the structure was again executed with a single CB3NFE finite element, taking into account the value of the rotational stiffness Kr=3.1419761•10 4 kNm obtained from Equation (1). The stiffness matrix was determined by utilization of equation (20) 
whereas the corresponding load vector of the finite element due to the uniform load was obtained from Equation (23) For the chosen discretization, the finite element's stiffness matrix K1 also represents the stiffness matrix of the structure. Furthermore, by considering the boundary conditions in the left and right support, the discrete values Y2 and Φ3 were evaluated from the system of two linear equations: 2 4 r 3 Y 0.74688 1.22890 10 1.22890 3.50790
where the reduced structure's load vector Fr was obtained from the element's load vector F1 as: r -53.6008 kN 1.6768 kNm
Results and discussion
Similar to the first example, the results of the transverse displacements obtained with three simplified models together with the 2D FE plane model were compiled (Table 2) .
It can be perceived from Table 2 that the transverse displacements obtained by the CB3NFE model in the case of a uniform continuous load in all three selected locations are equal to the exact displacements obtained by the solution of the simplified model's governing differential equations (GDEs). On the other hand, substantial discrepancies are evident when comparing the CB2NFE model displacements' values against CB3NFE and GDEs' solutions. The maximum 54.3% discrepancy occurs at a distance of 3 m from the clamped support and the smallest 27.0% in the middle of the second segment at a distance of 8 m from the clamped support. Furthermore, when the values of the CB3NFE model are compared with the 2D FE plane model's results, the discrepancy at the crack location is 1.53%, whereas the discrepancy in the middle of the first segment is 1.82% and in the middle of the second segment is 1.76%. In order to obtain the distribution of structure's transverse displacements along the structure, two functions for two elastic regions must be analyzed. The transverse displacements' functions for both elastic segments were determined from Equations (24) and (25), which took into the account the fourth-degree polynomial interpolation functions of the CB3NFE model: In the complementary 2D FE model vertical and horizontal displacements in discrete points were computed by solving 34,585 linear equations from the model consisting of 16,640 finite elements.
In Figure 5 the results of all four considered analyses are presented, where the results from CB3NFE interpolation functions and solutions of the GDEs appear as a single line. It can be further perceived that the transverse displacements of the CB3NFE model, likewise, the displacements obtained by the solutions of the GDEs almost perfectly fit the discrete values of the displacements of the 2D plane model at all points, whereas the transverse displacements function of the CB2NFE model evidently deviates from the exact values. Consequently, the functions of the bending moments and shear forces obtained from the second and third derivatives of the transverse displacements' functions of the CB2NFE model also deviate evidently from the exact values. The bending moments (M) and shear forces (V) in the two end nodes obtained from various approaches (CB3NFE and CB2NFE FE models, solutions of GDE, 2D plane FE model) are compared in Table 3 .
From the comparison of the results of the nodal bending moments and shear forces in Table 3 obtained by the simplified model's solutions, it can be perceived that the values in the both ends are identical, and furthermore that these values exhibit just a moderate disagreement in comparison to the 2D model solutions.
The functions of bending moments and shear forces along the beam (Figure 6 and 7) were derived from the fourth degree interpolation functions, as well as from the second and the third derivatives of transverse displacements' functions (Equations (26) and (27)). Evidently, due to the correct functions of the transverse displacements in both approaches the functions of bending moments and shear forces are consequently perfectly matching.
The distribution of bending moments is demonstrated in Figure 6 . The values of the bending moments from the 2D plane model in the 11 equidistant discrete points along the beam are also added.
Similar to the first example, the values of shear forces of 2D plane model were obtained by summing all nodal forces tangential to the cross-section of each plane element. The bending moment's values were obtained by summing the contributions of the all moments caused by all nodal forces normal to the cross-section.
The values of the bending moments of the simplified CB3NFE model display a good agreement with the values of the 2D plane model at all selected discrete points. Thus, the discrepancy at the crack location is 0.25%, at the middle of the first segment 2.8%, which is the highest of all considered points, and at the middle of the second segment, the discrepancy is 0.15%.
The shear forces of the simplified CB3NFE model also demonstrate excellent matching with the values of the 2D plane model at all measured points. The distribution of shear forces along the x-axis is demonstrated in Figure 7 . Of all the considered locations for shear forces, the maximum discrepancy at the location of the crack was 1.08%, whereas in the middle of the first and second segment the discrepancies were only 0.11% and 0.23%, respectively.
CONCLUSIONS
This article examines bending of cracked slender beam, where the transverse crack is represented by a linear rotational spring, which endows the hinge connecting two elastic parts. This simplified model was utilized to derive a new three-node finite element, which has, in addition to four standard degrees of freedom in both end nodes, an extra displacement at the location of the rotational spring as a degree of freedom. Thus, the third-degree polynomials, which were utilized as interpolation functions in previous approaches for the presentation of transverse displacements, were replaced by polynomials of the fourth degree.
The expressions for interpolation functions, the coefficients of the stiffness matrix, likewise the members of the load vector due to the uniform continuous load p over the whole element, are obtained in closed symbolic forms. These derived terms can also be utilized in the case of a non-cracked beam.
Numerical examples demonstrate that the results obtained with the upgraded CB3NFE finite element fully match the results of the solution of the governing differential equation of the cracked beam in the case of a concentrated force, as well as in the case of a uniform continuous load over the entire length of the beam. Moreover, the presented finite element's results are in good agreement with the results obtained by the more detailed 2D plane finite elements' model as well.
The main novelty of the presented three nodded CB3NFE finite element in comparison to the previous two nodded model is that the transverse displacements' description (recently determined by the fourth-degree polynomial interpolation functions) is accurate in the case of a uniform continuous load over the entire finite element. The presented approach is proved to be ideal in modeling of cracked slender beams with uniformly continuous load. For example, it could be utilized in earthquake engineering according to the European standard EC8 for analysis of concrete elements where a cracked state should be considered. where the coefficients ξij are given as:
